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Abstract— The emerging high-capacity optical networks make
it urgent to design large-scale flexible mesh optical cross-
connect (OXC). Though Clos networks are the theory for building
scalable and cost-effective switching fabrics, the nonblocking
conditions for flex-grid optical Clos networks without wavelength
conversion remain unknown. This paper studies the nonblocking
conditions for the flex-grid OXC-Clos network, which is con-
structed from a number of small-size standard OXCs. We first
show that a strictly nonblocking (SNB) OXC-Clos network
will incur a high cost, as small-granularity lightpaths may
abuse central modules (CMs), rendering them unavailable for
large-granularity requests due to frequency conflicts. Hence,
we propose a granularity differential routing (GDR) strategy,
the idea of which is to restrict the set of CMs that can be
utilized by the lightpaths of each granularity. Under the GDR
strategy, we investigate two system models, called granularity-
port binding and unbinding models, and prove the wide-sense
nonblocking (WSNB) conditions. We show that the cost of WSNB
network is remarkably smaller than that of SNB network, and
find that the granularity-port unbinding model can offer more
flexible network-bandwidth utilization compared to the binding
model, with a slight cost associated with switching fabrics.

Index Terms— Optical cross-connect, flex-grid optical network,
wide-sense nonblocking, strictly nonblocking.

I. INTRODUCTION

IN RECENT years, the surge in Internet traffic caused
by high-performance computing services and multimedia

services is driving the continuous growth of optical network
capacity. On one hand, the bandwidth of single-fiber links
will be exhausted and the use of multiple fibers on optical
links has been put on the agenda. As Ref. [1] points out,
optical fiber deployment is growing at an annual rate of 15%.
On the other hand, the data rates of signals launched into
the optical links climb up from 10 Gb/s to 100 Gb/s, and
will soon reach 400 Gb/s and above. It is necessary to
maximize spectral efficiency according to the data rate and the
transmission distance of each demand [2]. In this context, the
traditional fixed-grid optical networks, which divide the optical
spectrum into fixed wavelength grids, are becoming inefficient.
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Fig. 1. A standard 3×3 OXC, where Li stands for lightpath i and different
colors represent different optical frequencies.

In contrast, the flex-grid optical network, also called elastic
optical network (EON) [3], [4], [5], [6], [7], is emerging to
support lightpaths of different bandwidths. Accordingly, the
design of optical network components should adapt to the new
changes.

In the meanwhile, optical cross-connect (OXC) has become
the key component of switching nodes in optical networks.
As Fig. 1 shows, a classical N ×N OXC includes N 1×N
wavelength selective switches (WSSs) at the input side and N
N×1 WSSs at the output side, with an N2×N2 shuffle inter-
connection network in between. The OXC is a flexible optical
switching fabric. If there is a common spectrum interval free
on an input and an output, the OXC can establish a lightpath
in a strictly nonblocking (SNB) manner. Fig. 1 displays three
lightpaths occupying different spectral bandwidths. However,
the scalability of classical OXC is restricted by the WSS, the
port count of which is currently limited to 49 [8]. The classical
OXC cannot meet the application requirement of future optical
networks, which will require optical nodes with hundreds of
ports due to the use of multiple fibers on each optical link.
Thus, it is highly desired to enhance the scalability of OXCs.

Clos network is the theory to construct a scalable and
cost-effective switching fabric. In the past decades, different
electrical/optical Clos switches [9], [10], [11], [12], [13], [14]
and the related nonblocking conditions have been studied.
However, only a few endeavors have been made to apply
this theory to construct scalable flex-grid OXCs, called flex-
grid OXC-Clos network in this paper, whose nonblocking
conditions are still unknown.

This paper only considers the flex-grid OXC-Clos network
without wavelength converters (WCs), since all-optical WCs
are not commercially available in the current stage. In a flex-
grid OXC-Clos network without WCs, each lightpath must
use a common and continuous optical spectrum on all the
internal links of the switching fabric, in addition to the input
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and the output. As Section VII will state, this feature is quite
different from that of multi-rate Clos networks studied in
the 1990s, which allow a connection to use different and
discontinuous spectral segments on internal links. Thus, the
approaches and the results of multi-rate Clos networks [12],
[15], [16], [17], [18] cannot be applied to the flex-grid
OXC-Clos networks.

This paper pursues the nonblocking conditions of flex-grid
OXC-Clos networks, since nonblocking switching nodes can
simplify the routing and spectrum allocation (RSA) of optical
networks. In an optical network with nonblocking switching
nodes, an end-to-end lightpath can be established, as long as
a common and continuous spectrum can be found on all the
links along a path from the source to the destination. In other
words, when performing RSA, it is unnecessary for the optical
network to consider the internal state of switching nodes.

In addition to nonblocking conditions, we emphasize on the
ability of flex-grid OXC-Clos networks to establish lightpaths
without any reconfiguration. Such an ability is of great signif-
icance for industrial applications, because the reconfiguration
means the interruption of ongoing services provided by the
existing lightpaths. SNB and wide-sense nonblocking (WSNB)
switching networks are designed to offer this switching ability.
An SNB network can always build a new connection without
any reconfiguration, while a WSNB network can do that with
the help of a specific routing strategy.

The major contribution of this paper is to devise a granu-
larity differential routing (GDR) strategy, and seek the WSNB
conditions for flex-grid OXC-Clos networks. Our proposal is
motivated by the derivation of the SNB condition for flex-
grid OXC-Clos networks. We show that the small-granularity
lightpaths in an SNB OXC-Clos network will probably lead to
excessive occupation of central modules (CMs), which become
unavailable for future large-granularity requests due to spectral
conflicts. As a result, a lot of CMs are needed by an SNB flex-
grid OXC-Clos network. The key idea of our GDR strategy is
to restrict the set of CMs that can be used by the lightpaths
of each granularity, thereby leaving more CMs for subsequent
large-granularity requests. Under the GDR strategy, we prove
the WSNB conditions for flex-grid OXC-Clos network and
show that the number of CMs needed by a WSNB OXC-Clos
network is remarkably smaller than that by an SNB network.
Also, the GDR strategy does not require any calculation, and
thus almost does not increase operation complexity.

In this paper, we consider two application models under the
flex-grid scenario, when deriving WSNB conditions. The first
one, named granularity-port binding (GPB) model, stems from
a practical application scenario, where each port of the optical
switch only carries the lightpaths with the same granularity.
The second one, entitled granularity-port unbinding (GPuB)
model, allows the lightpaths of different granularities to coexist
in a port of the switching fabric. Compared to the GPB
model, the GPuB model has more flexibility in port utilization.
We show that the sufficient WSNB condition for the GPB
model is the necessary and sufficient WSNB condition for
the GPuB model, indicating that flexibly deploying lightpaths
among the ports only leads to a slightly higher cost.

The rest of this paper is organized as follows. In Section II,
we introduce the OXC-Clos network, define two patterns of
lightpath granularity and two application models, and analyze

Fig. 2. A flex-grid optical Clos Network C(n, r, m) with 3 lightpaths.

the cost of SNB networks. According to the analysis,
Sections III and IV propose the GDR strategy and derive the
WSNB conditions under the GPB model and the GPuB model,
respectively, when the granularity pattern is exponential.
Section V further checks the effectiveness of the GDR strategy
when the granularity pattern is linear. Section VI shows how
a WSNB OXC-Clos network can be applied to the multi-fiber
flex-grid networks. Section VII reviews the related works and
makes a comparison between the WSNB OXC-Clos network
and some previously proposed OXC structures. Section VIII
concludes this paper.

II. PRELIMINARY

As Fig. 2 displays, an N×N symmetric flex-grid OXC-Clos
network, denoted by C(n, r, m), includes r n×m input mod-
ules (IMs) at the input stage, m r× r central modules (CMs)
at the central stage, and r m × n output modules (OMs) at
the output stage, where N = n × r. Each module in C is a
small-scale standard OXC, as the one shown in Fig. 1. Hence,
each module in OXC-Clos networks is called OXC module in
this paper. The two OXC modules at the adjacent stages are
connected by a single fiber. From top to bottom, we number
the IMs by 1, · · · , α, · · · , r, the CMs by 1, · · · , γ, · · · , m, and
the OMs by 1, · · · , β, · · · , r. Similarly, we number the inputs
of each IM as 1, · · · , a, · · · , n, and the outputs of each OM
as 1, · · · , b, · · · , n.

In a flex-grid optical network, the spectrum of each port
is divided into W frequency slot units (FSUs), the width of
which is 12.5 GHz [19]. In Fig. 2, an FSU is represented by
a slot. We number W FSUs by 1, · · · , w, · · · , W . A set of ω
adjacent FSUs indexed by w, w +1, · · · , w +ω−1 defines an
ω-granularity (ω-g) frequency slot, which is denoted by Λω

w

in this paper, where w and ω are two positive integers and
w + ω − 1 ≤ W . The “flex-grid” means that the frequency
slots with different granularities can coexist in the network.

This paper considers the communication mode, in which
the network sets up an ω-g lightpath from an input to an
output if there is a frequency slot Λω

w free on them. We denote
an ω-g lightpath from input a of IM α to output b of
OM β as L (α, a, β, b,Λω

w). Similarly, a lightpath request is
denoted by R (α, a, β, b,Λω

w). For example, L1 in Fig. 2 is
a 2-g lightpath, denoted by L

(
α, 1, β, 2,Λ2

1

)
, and L2 and

L3 are two 1-g lightpaths, denoted by L
(
α, 2, r, 1,Λ1

1

)
and L

(
r, 2, β, 1,Λ1

2

)
. Also, the spectrum interval used
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by a lightpath is represented by a colored box covering several
slots in the figure. As an instance, the spectrum interval of L1

includes FSUs 1 and 2.
The OXC-Clos network has two routing constraints. That

is, two lightpaths cannot use the same CM, if
C1. They share the same IM and occupy the same FSUs, or
C2. They share the same OM and occupy the same FSUs.
The example for constraint C1 is L1 and L2 in Fig. 2 and that
for C2 is L1 and L3 in Fig. 2.

Definition 1: An OXC is SNB if a lightpath can always be
set up between an input and an output without rearranging
the paths of the existing lightpaths when the input and output
have the same idle spectrum interval.

Definition 2: An OXC is WSNB if a routing strategy exists
for setting lightpaths in such a way that a lightpath can always
be set up between an input and an output without rearranging
the paths of the existing lightpaths when the input and output
have the same idle spectrum interval.

Please note that C reduces to a classical OXC when n = 1,
and the CMs in C change to m fiber lines, when r = 1. Thus,
this paper only considers the case where n, r > 1.

A. System Models

To facilitate our theoretical study, we assume that there are
K types of lightpaths (or frequency slots) in the network and
A1. There are W = 2K−1 FSUs,
A2. The k-th type of lightpath occupies 2k−1 adjacent FSUs,

where k = 1, 2, · · · , K.
We refer to such a kind of granularity pattern as exponential

granularity pattern. Note that the idea of our approach in this
paper is not limited to the exponential granularity pattern pre-
sented in A2 and can be applied to other kinds of granularity
patterns, as Section VI will show.

Also, we consider two models in this paper.
M1. Granularity-Port Binding (GPB) model: Once a port

is used by a type of lightpaths, this port can only carry
this type of lightpaths until it becomes completely free,
which means all the lightpaths on this port are torn
down.

Fig. 3(a) displays a 3 × 3 OXC, each port of which
carries 8 FSUs. Input 1 only carries 2-g lightpaths once it
is occupied by a 2-g lightpath. If input 1 becomes completely
idle after all the 2-g lightpaths are torn down, it can be rebound
by other types of lightpaths.

The GPB model stems from practical applications. There
is one type of most cost-effective transceiver, when building
an optical network. It is a common practice in real networks
to adopt one modulation format with one granularity, which
can simplify network management and maintenance. Hence,
the single-fiber network typically has only one granularity of
optical signals. When the network is upgraded by installing
more fibers, a different type of transceiver with another
granularity may likely be added to match the newly installed
fibers. In this case, the flex-grid optical network will be
possibly deployed according to the GPB model in the near
future.

To avoid bandwidth fragmentation and maximize bandwidth
utilization under the GPB model, this paper makes the follow-
ing restriction:

Fig. 3. Examples of (a) GPB model and (b) GPuB model, where N = 3,
K = 4, and request R is represented by a dotted box.

A3. A 2k-g lightpath is carried by a 2k-g frequency slot, and
the i-th 2k-g frequency slot is defined by the set

Λ2k

2k(i−1)+1 =
{
2k(i− 1) + 1, · · · , 2ki

}
.

For example, Λ22

5 = {5, 6, 7, 8} in Fig. 3(a) defines the
second 22-g frequency slot, while FSUs 3 through 6 do
not form a 22-g frequency slot. The violation of A3 may
lead to bandwidth fragmentation. Consider the following case.
If input 3 in Fig. 3(a) carries a 22-g lightpath using FSUs 3
through 6, FSUs 1, 2, 7, and 8 will be wasted under the GPB
model until this input becomes completely idle.

A3 implies that a 2k-g frequency slot can accommodate up
to 2k−i 2i-g lightpaths or be completely occupied by a 2j-
g lightpath, where 0 ≤ i < k < j ≤ K − 1. For example,
FSUs 5 and 6 in Fig. 3(a) form a 21-g frequency slot Λ2

5.
Λ2

5 at the second input carries 2 1-g lightpaths, while that at
the third input is used by one 22-g lightpath.

We notice that the flex-grid networks have just been built
for less than 10 years. As traffic increases, the optical network
will undergo multiple upgrades. In this case, the GPB model
may lead to an inflexible utilization of network-link capacity.
For example, although input 1 in Fig. 3(a) has two free FSUs,
it cannot offer bandwidth to a 1-g request due to granularity-
port binding. Allowing multiple granularities coexisting in the
same fiber would be a better choice. We thus slightly relax the
constraint imposed by granularity-port binding and explore a
more flexible model as follows.

M2. Granularity-Port unBinding (GPuB) model: Each
port can carry different types of lightpaths.

The “slightly relax” means we still consider A3 in the GPuB
model. Fig. 3(b) illustrates the GPuB model, where input 1 has
3 idle FSUs. As A3 specifies, if a 2-g request from input 1
to output 3 arrives, input 1 will allocate FSUs 1 and 2 to this
request, instead of FSUs 2 and 3.

B. Cost of SNB Flex-Grid Clos Network

The SNB condition for traditional Clos networks, i.e., m ≥
2n−1 [9], cannot be applied to flex-grid OXC-Clos Networks.
Fig. 4 is an OXC-Clos network C(2, 2, 3), where there are three
lightpaths and m ≥ 2n − 1 = 3. However, as Fig. 4 plots,
R(1, 2, 1, 2,Λ2

1) is blocked, since lightpaths L1 and L2 share
the same IM with R and use CMs 1 and 3 while lightpath
L3 shares the same OM with R and passes through CM 2.
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Fig. 4. Flex-grid OXC-Clos Network C(2, 2, 3) is not SNB, where request
R is represented by a dotted box.

No CM is available for R due to frequency conflicts. In fact,
the number of CMs needed by an SNB flexible OXC-Clos is
very large, as we show in the following theorem.

Theorem 1: When K types of lightpaths coexist, C(n, r,m)
is SNB iff

m ≥ 2K(n− 1) + 1. (1)

Proof: Suppose there is a request R
(
α, a, β, b,Λ2K−1

1

)
from input a of IM α to output b of OM β. Consider the worst
case, where frequency slot Λ2K−1

1 is busy in carrying 2K−1

1-g lightpaths on all other inputs of IM α and all other outputs
of OM β.

Let Sα and Sβ be the set of CMs used by the 1-g lightpaths
from IM α and that used by the 1-g lightpaths ahead to OM β,
respectively. Clearly,

|Sα| ≤ 2K−1(n− 1),

and

|Sβ | ≤ 2K−1(n− 1),

where the equalities hold if each lightpath uses a separate CM.
Also,

|Sα ∪ Sβ | ≤ |Sα|+ |Sβ | = 2K(n− 1),

where the inequality holds with equality when Sα ∩Sβ = ϕ.
According to routing constraints C1 and C2, request R can

be satisfied only when there is at least one more CM that is
not employed by the lightpaths that originate from IM α or
the lightpaths that go to OM β. We thus need

m = 2K(n− 1) + 1

CMs to accommodate R. □
Clearly, (1) immediately reduces to the SNB condition of

traditional Clos network when K = 1, i.e., there is only one
type of lightpaths in the network.

Theorem 1 shows that the number of CMs required by an
SNB flex-grid OXC-Clos network is large, which is attributed
to the fact that small-granularity lightpaths (e.g., 1-g light-
paths) may abuse the CMs such that a large number of CMs
will not be available for future large-granularity requests.
As Fig. 4 plots, the two 1-g lightpaths L1 and L2 at input 1
of IM α use two different CMs, though they could potentially
share the same CM since they utilize different FSUs. This
motivates us to devise a routing strategy, which restricts the
set of CMs occupied by small-granularity lightpaths.

III. WSNB CONDITION UNDER GPB MODEL

In this section, we will develop a routing strategy under
the GPB model to restrict the set of CMs occupied by
small-granularity lightpaths, such that the number of CMs
needed by a nonblocking OXC-Clos network can be reduced.
The key problem is to figure out the set of CMs that each
type of lightpaths can employ for routing. We solve this
problem in an inductive manner. Specifically, we first find
the sets of CMs that can be used by 1-g lightpaths and 2-g
lightpaths in section III-A and III-B, from which section III-C
then proposes the GDR strategy and proves the WSNB
condition.

A. CMs That 1-g Lightpaths Can Use

We first determine the minimal number of CMs required
by C to route 1-g lightpaths without reconfiguration when
all K types of lightpaths coexist. Based on this information,
we specify the set of CMs, via which the 1-g lightpaths should
be routed.

Definition 3: In the case where C needs to support K types
of lightpaths, C is SNB for 2k-g lightpaths if it can always sat-
isfy a 2k-g request R

(
α, a, β, b,Λ2k

w

)
without reconfiguration

as long as frequency slot Λ2k

w is available on both input a of
IM α and output b of OM β, where w is the first FSU of a
2k-g frequency slot and k = 0, 1, · · · , K − 1.

Consider an OXC-Clos network with a set of routed light-
paths and a newly arrived 1-g request R

(
α, a, β, b,Λ1

w

)
. The

granularity of each routed lightpaths is 1 ≤ k ≤ K. Clearly,
no matter what k is, Λ1

w in each of the other n − 1 inputs
excluding input a on IM α can only be occupied by one k-g
lightpath. Similar situation exists on OM β. It follows that,
regardless of whether there are already lightpaths with a gran-
ularity larger than 1, an OXC-Clos network with 2n− 1 CMs
can satisfy all the 1-g requests without any reconfiguration,
as the following lemma states.

Lemma 1: C is SNB for 1-g lightpaths under the GPB model
iff m ≥ 2n− 1.

Proof: Suppose there is a request R
(
α, a, β, b,Λ1

w

)
.

Consider the case, where
(a) All other n − 1 inputs of IM α are busy carrying

n− 1 lightpaths, each of which occupies Λ1
w;

(b) All other n − 1 outputs of OM β are busy carrying
n− 1 lightpaths, each of which occupies Λ1

w.
The granularity of the lightpaths carried by each port is the
same and could be any of 1, 2, · · · , or 2K−1.

Let Sα be the set of CMs used by the lightpaths that occupy
Λ1

w and originate from IM α, and Sβ be the set of CMs used
by the lightpaths that occupy Λ1

w and head for OM β. Clearly,
|Sα| = |Sβ | = n− 1. Also,

|Sα ∪ Sβ | ≤ |Sα|+ |Sβ | = 2(n− 1),

where the inequality holds with equality when Sα ∩Sβ = ϕ.
According to constraints C1 and C2, R can be satisfied only

if there is at least one CM that is not used by the lightpaths
mentioned in (a) and (b). We thus need

m = 2n− 1

CMs to accommodate R, which proves this lemma. □
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Fig. 5. C(2, 2, 3) is SNB for 1-g lightpaths though it carries two types of
lightpaths.

Lemma 1 is illustrated in Fig. 5, where 3 CMs are enough to
satisfy a 1-g request R without any reconfiguration, though a
2-g lightpath L1 and a 1-g lightpath L2 are in the network.

B. CMs That 2-g Lightpaths Can Use
Consider a 2-g request R(α, a, β, b,Λ2

w) that arrives at
an OXC-Clos network, where some lightpaths are already
established. In the following, we demonstrate how the routing
of R is influenced by the lightpaths of different granularities.

Assume that all existing lightpaths are 1-g lightpaths.
On IM α, frequency slot Λ2

w on the n − 1 inputs other than
input a can accommodate up to 2(n − 1) lightpaths. This is
true on OM β. If no restrictions are made for the 1-g lighpaths,
the 1-g lightpaths can utilize up to 4(n − 1) CMs, rendering
them unavailable for request R.

Suppose that all existing lightpaths are 2-g lightpaths.
On IM α, Λ2

w on the n − 1 inputs other than input a can
at most carry n − 1 lightpaths. Similarly, OM β can at most
carry n−1 lightpaths, if all n−1 other outputs are busy. These
lightpaths will block at most 2(n− 1) CMs for the request.

At last, we check the case where the granularity of light-
paths is 2k, where 2 ≤ k ≤ K. On IM α, frequency slot Λ2

w

on n− 1 inputs other than input a can be occupied by up to
n−1 2k-g lightpaths. The situation is similar on OM β. These
2k-g lightpaths with k > 1 will make at most 2(n− 1) CMs
unavailable for the request. In other words, the lightpaths with
granularity larger than 2 in Λ2

w do not lead to excessive CM
utilization.

Fortunately, Lemma 1 allows restricting the routing of all
1-g lightpaths to 2n − 1 CMs, such that more CMs can be
left for future 2-g requests under the condition that all the
1-g requests can be satisfied. We are ready to check the
minimum number of CMs required to route 1-g lightpaths
and 2-g lightpahts without any reconfiguration when there is
a routing restriction for 1-g lightpaths as follows.

Routing Strategy for 1-g lightpaths:
1) Specify a fixed set of 2n− 1 CMs, denoted by M0, via

which all 20-g lightpaths can only be routed;
2) Lightpaths with granularity larger than 20 can be routed

via the set of all CMs, denoted by M .
Herein, we specify M0 = {1, 2, · · · , 2n− 1}.

Definition 4: In the case where C needs to support K types
of lightpaths, C is WSNB for 2k lightpaths if it can always sat-

isfy a 2k-g request R
(
α, a, β, b,Λ2k

w

)
without reconfiguration

under a routing strategy as long as frequency slot Λ2k

w is free
on both input a of IM α and output b of OM β, where w is the
first FSU of a 2k-g frequency slot and k = 0, 1, · · · , K − 1.

Before finding the minimal number of CMs required to route
1-g and 2-g lightpaths without reconfiguration when C has to
support K types of lightpaths, we need the following lemma.

Lemma 2: f(x) = x−⌈x/2 + a⌉ is non-decreasing, where
x = 1, 2, · · · and a is an integer constant.

Lemma 3: Under Routing Strategy for 1-g lightpaths, C is
WSNB for both 1-g and 2-g lightpaths under the GPB model
iff m ≥ 3n− 2.

Proof: Consider a request R(α, a, β, b,Λ2
w) that sees the

following situation:
(a) pα inputs of IM α and pβ outputs of OM β are busy

carrying 1-g lightpaths via Λ2
w, and

(b) n − pα − 1 inputs of IM α and n − pβ − 1 outputs of
OM β are busy carrying the last K−1 types of lightpaths
via Λ2

w, and each port only carries one type of lightpaths,
where pα, pβ = 0, 1, · · · , n− 1.

Let B0 be the set of CMs used by the 1-g lightpaths that
are carried by IM α or OM β via Λ2

w. According to lemma 1,
all 1-g lightpaths can be routed via the CMs in M0, which
means

|B0| ≤ |M0| = 2n− 1. (2)

Let Sα be the set of CMs used by the last K − 1 types of
lightpaths that occupy Λ2

w and originate from IM α, and Sβ

be the set of CMs used by the last K − 1 types of lightpaths
that occupy Λ2

w and head for OM β. Note that a lightpath
with granularity larger than 1 uses all the FSUs in Λ2

w and
thus cannot share the same CM with another one that also
occupies Λ2

w, if both of them originate from IM α or visit
OM β. It follows that

|Sα| = n− pα − 1,

|Sβ | = n− pβ − 1,

and thus

|Sα ∪ Sβ | ≤ |Sα|+ |Sβ | = 2(n− 1)− (pα + pβ) . (3)

where the inequality holds with equality when Sα ∩ Sβ = ϕ.
pα + pβ in (3) can be determined as follows. Any two 1-g

lightpaths carried by pα inputs of IM α or pβ outputs of OM β
via Λ2

w can share the same CM, as long as they do not use
the same set of FSUs. This implies that |B0| must be less or
equal to the number of these lightpaths. Furthermore, the total
number of FSUs in Λ2

w on pα inputs of IM α and pβ outputs
of OM β is 2(pα +pβ), which can carry up to 2(pα +pβ) 1-g
lightpaths. Thus, we have |B0| ≤ 2(pα + pβ) or

pα + pβ ≥
⌈
|B0|

2

⌉
. (4)

It follows from (3) through (4) that the set of CMs that are
not available for request R satisfies

|B0 ∪ Sα ∪ Sβ | ≤ |B0|+ |Sα ∪ Sβ |
≤ |B0|+ 2(n− 1)− (pα + pβ)

≤ |B0|+ 2(n− 1)−
⌈
|B0|

2

⌉
≤ |M0|+ 2n− 2−

⌈
|M0|

2

⌉
= 2n− 1 + 2n− 2− n

= 3n− 3, (5)
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Fig. 6. C(2, 2, 4) is WSNB for 20-g and 21-g lightpaths, where
M0 = {1, 2, 3} and M1 = {1, 2, 3, 4}.

where we use Lemma 2 and (2) for the fourth inequality. For
an arbitrary n ≥ 2, the inequality of (5) holds for equality if
R sees the following situation when it arrives:
(i) In IM α, each of the n−1 inputs carries 2 20-g lightpath

via Λ2
w, and

(ii) In OM β, one output carries 1 20-g lightpath via Λ2
w, and

each of the other n − 2 outputs carries 1 21-g lightpath
via Λ2

w.
All the lightpaths in (i) and (ii) are different and use different
CMs. In particular, 2n−1 20-g lightpaths are routed via CMs
1, 2, · · · , 2n−1, and n−2 21-g lightpaths are routed via CMs
2n, 2n+1, · · · , 3n−3, which conforms with the GDR strategy.

We thus need m ≥ 3n− 2 CMs to satisfy R. □
Lemma 3 implies the OXC-Clos network is WSNB for
both 1-g and 2-g lightpaths, under the routing strategy as
follows:

1) Specify a CM set M0 = {1, 2, · · · , 2n− 1} for all 20-g
lightpaths, via which 20-g lightpaths can only be routed;

2) Specify a CM set M1 = {1, 2, · · · , 3n− 2} for all 21-g
lightpaths, via which 21-g lightpaths can only be routed;

3) Lightpaths with granularity larger than 21 can be routed
via the set of all CMs, denoted by M .

Fig. 6 illustrates the routing strategy for 20-g and 21-g
lightpaths in C(2, 2, 4), where the 20-g lightpaths L1, L2, and
L3 are routed via CMs 1, 2, 3, and the 21-g lightpaths can
employ all the CMs.

C. GDR Strategy and WSNB Condition
We are now ready to consider the k-g request, where

2 ≤ k ≤ K. Following the argument similar to that presented
at the beginning of Section III-B, we need a routing strategy in
this case to restrict the utilization of CMs by all the lightpaths
with a granularity less than k. In this part, we generalize
Lemmas 1 and 3 to propose the GDR strategy for K types
of lightpaths, and we prove the WSNB condition for the flex-
grid OXC-Clos network.

The GDR Strategy in general case is as follows:
1) Specify a set of CMs

M i = {1, 2, · · · , 2n− 1 + i(n− 1)}

for 2i-g lightpaths, via which all the 2i-g lightpaths can
only be routed, where i = 0, 1, · · · , K − 2;

2) 2K−1-g lightpaths can be routed via the set of all CMs,
denoted by M . Clearly, MK−1 = M .

Fig. 7. Usage of the GDR strategy in C(3, 3, 9) under the GPuB model, where
M0 = {1, 2, · · · , 5}, M1 = {1, 2, · · · , 7}, and M2 = {1, 2, · · · , 9}.

According to the GDR strategy, the OXC-Clos network finds
an available CM in the set M i by checking routing constraints
C1 and C2. If several available CMs in M i are found, the
OXC-Clos network randomly selects one to route request R.
Fig. 7 illustrates the GDR strategy and the routing process of
a lightpath request. Assume that the OXC-Clos network needs
to support 3 types of lightpaths, 1-g, 2-g, and 4-g lightpaths.
According to the GDR strategy, the OXC-Clos network should
assign the first 5 CMs for 1-g lightpaths, the first 7 CMs for
2-g lightpaths, and all the 9 CMs for 4-g lightpaths. Suppose
that a 4-g request R arrives at IM 1 and heads to OM 1. The
network will check all the 9 CMs to find one that is available
for this request according to routing constraints C1 and C2.
As we can see, CMs 2, 4, 5, 7, 8 and 9 are available for this
request. The network then randomly selects one, say CM 5,
from them for R. It is easy to know that the GDR strategy is
quite simple and does not increase the operation complexity.

We will derive the minimal value of |M | and prove that C
with the GDR strategy is WSNB when it needs to support K
types of lightpaths. Before that, we need the following lemma.

Lemma 4: Consider J sets F 0, F 1, · · · , F J−1 and F̂ j ≜⋃j
i=0 F i, where j = 0, 1, · · · , J − 1. The following inequality

J−1∑
j=0

(
2j |F j |

)
≥ 2J−1

∣∣∣F̂ J−1

∣∣∣− J−2∑
j=0

(
2j

∣∣∣F̂ j

∣∣∣)
always holds, and the inequality is satisfied with equality when
F 0, F 1, · · · , F J−1 are mutually disjoint.

Proof: Since∣∣∣F̂ j

∣∣∣ =
∣∣∣F̂ j−1

∣∣∣ + |F j | −
∣∣∣F̂ j−1 ∩ F j

∣∣∣ ,

∀j = 1, 2, · · · , J − 1, we have
J−1∑
j=0

(
2j |F j |

)
= |F 0|+ 2 |F 1|+ · · ·+ 2j |F j |+ · · ·+ 2J−1 |F J−1|

=
∣∣∣F̂ 0

∣∣∣ + · · ·+ 2j
(∣∣∣F̂ j

∣∣∣− ∣∣∣F̂ j−1

∣∣∣ +
∣∣∣F̂ j−1 ∩ F j

∣∣∣) + · · ·

Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on March 07,2026 at 08:49:31 UTC from IEEE Xplore.  Restrictions apply. 



YAO et al.: WIDE-SENSE NONBLOCKING CONDITIONS FOR FLEX-GRID OXC-CLOS NETWORKS 1815

+ 2J−1
(∣∣∣F̂ J−1

∣∣∣− ∣∣∣F̂ J−2

∣∣∣ +
∣∣∣F̂ J−2 ∩ F J−1

∣∣∣)
=−

∣∣∣F̂ 0

∣∣∣− 2
∣∣∣F̂ 1

∣∣∣− · · · − 2J−2
∣∣∣F̂ J−2

∣∣∣ + 2J−1
∣∣∣F̂ J−1

∣∣∣
+

(
2

∣∣∣F̂ 0 ∩ F 1

∣∣∣ + · · ·+ 2J−1
∣∣∣F̂ J−2 ∩ F J−1

∣∣∣)
≥−

∣∣∣F̂ 0

∣∣∣− 2
∣∣∣F̂ 1

∣∣∣− · · · − 2J−2
∣∣∣F̂ J−2

∣∣∣ + 2J−1
∣∣∣F̂ J−1

∣∣∣
=2J−1

∣∣∣F̂ J−1

∣∣∣− J−2∑
j=0

(
2j

∣∣∣F̂ j

∣∣∣) .

It is clear that the equality holds when F̂ j−1∩F j = ϕ, that is,
F 0, F 1, · · · , F J−1 are mutually disjoint. □

Under the GPB model, we only obtain the sufficient condi-
tion in general case for WSNB C, which is required to support
K types of lightpaths.

Theorem 2: C is WSNB for the 20-g, 21-g, · · · , and 2k-g
lightpaths under the GPB model, if

m ≥ 2n− 1 + k(n− 1), (6)

where k = 0, 1, · · · , K − 1.
Proof: Lemmas 1 and 3 show this theorem holds for

k = 0 and 1. We prove that if this theorem is true for k = i,
where i = 2, 3, · · · , K − 2, it also holds for k = i + 1.

Consider a 2i+1-g request R
(
α, a, β, b,Λ2i+1

w

)
that sees

the following situation:
(a) pj

α inputs of IM α and pj
β outputs of OM β are busy in

carrying 2j-g lightpaths via Λ2i+1

w , and
(b) n−

∑i
j=0 pj

α − 1 inputs of IM α and n−
∑i

j=0 pj
β − 1

outputs of OM β are busy in carrying the last K − i− 1
types of lightpaths via Λ2i+1

w , and each port only carries
one type of lightpaths,

where pj
α, pj

β = 0, 1, · · · , n− 1 and j = 0, 1, · · · , i. The total

number of ports busy in Λ2i+1

w at IM α and OM β is 2n− 2.
Let Bj be the set of CMs used by the 2j-g lightpaths that

are carried by IM α or OM β via Λ2i+1

w . Define

B̂j =
j⋃

l=0

Bl.

According to the GDR strategy and the induction hypothesis,
all lightpaths in B̂j can be routed via the CMs in M j under
the GDR strategy. Thus, there is∣∣∣B̂j

∣∣∣ ≤ |M j | . (7)

Note that, for some combinations of n and i, the equality of (7)
may be always unachievable in the GPB model. For example,
consider the case where i = 2n− 1. As a port of C can only
carry one type of lightpaths, R cannot see at least one type of
lightpaths at the 2n−2 ports busy in Λ2i+1

w at IM α and OM β.
In this case, if the 2j-g lightpath does not appear, there is∣∣∣B̂j

∣∣∣ =
∣∣∣B̂j−1

∣∣∣ ≤ |M j−1| < |M j | ,

where j = 1, 2, · · · , i.
Let Sα be the set of CMs used by the last K−i−1 types of

lightpaths that occupy Λ2i+1

w and originate from IM α, and Sβ

be the set of CMs used by the last K−i−1 types of lightpaths
that occupy Λ2i+1

w and visit OM β. Note that a lightpath with
granularity larger than 2i cannot employ the same CM with

another one that also uses the FSUs in Λ2i+1

w , if they share
IM α or OM β. It follows that

|Sα| = n−
i∑

j=0

pj
α − 1,

|Sβ | = n−
i∑

j=0

pj
β − 1,

and thus

|Sα ∪ Sβ | ≤ |Sα|+ |Sβ | = 2n− 2−
i∑

j=0

(
pj

α + pj
β

)
, (8)

where the inequality holds with equality when Sα ∩Sβ = ϕ.
pj

α + pj
β in (8) can be determined as follows. Any two 2j-g

lightpaths carried by pj
α inputs of IM α or pj

β outputs of OM β

via Λ2i+1

w can share the same CM, as long as they do not use
the same FSU. This implies that |Bj | must be less or equal
to the number of these lightpaths. Also, the total number of
FSUs in Λ2i+1

w on pj
α inputs of IM α and pj

β outputs of OM β

is 2i+1
(
pj

α + pj
β

)
, which can carry up to 2i−j+1

(
pj

α + pj
β

)
2j-g lightpaths according to A3. Thus, we have

|Bj | ≤ 2i−j+1
(
pj

α + pj
β

)
.

Multiplying both sides of the inequality by 2j and summing
over all js, we have

i∑
j=0

(
2j |Bj |

)
≤ 2i+1

i∑
j=0

(
pj

α + pj
β

)
.

It follows that
i∑

j=0

(
pj

α + pj
β

)
≥

⌈∑i
j=0

(
2j |Bj |

)
2i+1

⌉

≥


2i

∣∣∣B̂i

∣∣∣−∑i−1
j=0

(
2j

∣∣∣B̂j

∣∣∣)
2i+1


≥


2i

∣∣∣B̂i

∣∣∣−∑i−1
j=0

(
2j |M j |

)
2i+1

 , (9)

where we use Lemma 4 for the second inequality, and (7) for
the third inequality. It follows from (8) through (9) that the
set of CMs that are not available for request R satisfies∣∣∣B̂i ∪ Sα ∪ Sβ

∣∣∣
≤

∣∣∣B̂i

∣∣∣ + |Sα ∪ Sβ |

≤
∣∣∣B̂i

∣∣∣ + 2n− 2−
i∑

j=0

(
pj

α + pj
β

)

≤
∣∣∣B̂i

∣∣∣ + 2n− 2−


2i

∣∣∣B̂i

∣∣∣−∑i−1
j=0

(
2j |M j |

)
2i+1


≤ |M i|+ 2n− 2−

⌈
2i |M i| −

∑i−1
j=0

(
2j |M j |

)
2i+1

⌉
=2n− 1 + i(n− 1) + 2n− 2− n

=2n− 2 + (i + 1)(n− 1), (10)
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where we use Lemma 2 and (7) for the fourth inequality. Since
we use (7) in the derivation of (10), the equality of (10) may
be always unachievable for some combinations of n and i. It is
thus only sufficient to show R can be satisfied if there are

m ≥ 2n− 1 + (i + 1)(n− 1)

CMs, which proves this theorem. □

IV. WSNB CONDITION UNDER GPUB MODEL

Different from the GPB model, the GPuB model allows
each port to carry various types of lightpaths simultaneously.
It is obvious that the GPuB model provides more flexibility
for bandwidth utilization of optical networks. In this section,
we study the WSNB condition for OXC-Clos networks under
the GPuB model, following the GDR strategy. Our results
show that the flexibility comes with the slight increase of the
cost of OXC-Clos networks.

Similar to Section III, this part proves the WSNB condition
in an inductive manner. Following the GDR strategy and the
arguments used in Section III, we have the following lemmas.

Lemma 5: C is SNB for 20-g lightpaths under the GPuB
model iff m ≥ 2n− 1.

Lemma 6: C is WSNB for 20-g and 21-g lightpaths under
the GPuB model iff m ≥ 3n− 2.

A. WSNB Condition
The GPuB model allows different types of lightpaths to

share the same port. When i ≥ 2n− 1, a 2i+1-g request from
IM α to OM β could see all i + 2 types of lightpaths in its
required frequency slot at IM α and OM β under the GPuB
model, which is different from the situation under the GPB
model as we show in Theorem 2. Intuitively, the number of
CMs occupied by the lightpaths that are carried by a given set
of ports under the GPuB model would be larger than that under
the GPB model. We will show that there always exists at least
one case such that (7) holds with equality for any combination
of n and i. Thus, the sufficient condition for WSNB OXC-Clos
networks under the GPB model changes to the necessary and
sufficient condition under the GPuB model, implying that the
GPuB model increases the flexibility of bandwidth utilization
only with a slightly increased cost.

Theorem 3: C is WSNB for the 20-g, 21-g, · · · , and 2k-g
lightpaths under the GPuB model, iff

m ≥ 2n− 1 + k(n− 1), (11)

where k = 0, 1, · · · , K − 1.
Proof: Lemmas 5 and 6 show this theorem holds for

k = 0 and 1. We prove that if this theorem is true for k = i,
where i = 2, 3, · · · , K − 2, it also holds for k = i + 1.

Consider a 2i+1-g request R
(
α, a, β, b,Λ2i+1

w

)
, which sees

the following situation:
(a) pα inputs of IM α and pβ outputs of OM β are busy in

carrying the first i + 1 types of lightpaths via Λ2i+1

w , and
(b) n − pα − 1 inputs of IM α and n − pβ − 1 outputs of

OM β are busy in carrying the last K − i − 1 types of
lightpaths via Λ2i+1

w ,
where pα, pβ = 0, 1, · · · , n− 1.

Let Bj be the set of CMs used by the 2j-g lightpaths that are
carried by IM α or OM β via Λ2i+1

w . Define B̂j =
⋃j

l=0 Bl.

According to the GDR strategy and the induction hypothesis,
all lightpaths in B̂j can be routed via the CMs in M j under
the GDR strategy. Thus, there is∣∣∣B̂j

∣∣∣ ≤ |M j | . (12)

Let Sα be the set of CMs used by the last K − i− 1 types
of lightpaths that occupy Λ2i+1

w and originate from IM α, and
Sβ be the set of CMs used by the last K − i − 1 types of
lightpaths that occupy Λ2i+1

w and head for OM β. Note that a
lightpath with granularity larger than 2i cannot share the same
CM with another one that also uses the FSUs in Λ2i+1

w , if they
share IM α or OM β. It follows that

|Sα| = n− pα − 1,

|Sβ | = n− pβ − 1,

and thus

|Sα ∪ Sβ | ≤ |Sα|+ |Sβ | = 2 nn− 2− (pα + pβ) , (13)

where the inequality holds with equality when Sα ∩Sβ = ϕ.
pα +pβ in (13) can be determined as follows. Any two 2j-g

lightpaths carried by pα inputs of IM α or pβ outputs of OM
β via Λ2i+1

w can share the same CM, as long as they do not
use the same FSU. This implies that the number of FSUs used
by 2j-g lightpaths should be larger than or equal to 2j |Bj |.
Also, the total number of FSUs in Λ2i+1

w on pα inputs of IM
α and pβ outputs of OM β is 2i+1 (pα + pβ). This implies

i∑
j=0

(
2j |Bj |

)
≤ 2i+1 (pα + pβ) .

It follows that

pα + pβ ≥

⌈∑i
j=0

(
2j |Bj |

)
2i+1

⌉

≥


2i

∣∣∣B̂i

∣∣∣−∑i−1
j=0

(
2j

∣∣∣B̂j

∣∣∣)
2i+1


≥


2i

∣∣∣B̂i

∣∣∣−∑i−1
j=0

(
2j |M j |

)
2i+1

 . (14)

where we use Lemma 4 for the second inequality, and (12)
for the third inequality. It follows from (13) through (14) that
the set of CMs that are not available for request R satisfies∣∣∣B̂i ∪ Sα ∪ Sβ

∣∣∣
≤

∣∣∣B̂i

∣∣∣ + |Sα ∪ Sβ |

≤
∣∣∣B̂i

∣∣∣ + 2n− 2− (pα + pβ)

≤
∣∣∣B̂i

∣∣∣ + 2n− 2−


2i

∣∣∣B̂i

∣∣∣−∑i−1
j=0

(
2j |M j |

)
2i+1


≤ |M i|+ 2n− 2−

⌈
2i |M i| −

∑i−1
j=0

(
2j |M j |

)
2i+1

⌉
=2n− 1 + i(n− 1) + 2n− 2− n

=2n− 2 + (i + 1)(n− 1). (15)

Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on March 07,2026 at 08:49:31 UTC from IEEE Xplore.  Restrictions apply. 



YAO et al.: WIDE-SENSE NONBLOCKING CONDITIONS FOR FLEX-GRID OXC-CLOS NETWORKS 1817

Fig. 8. R
(
2, 3, 3, 3,Λ4

1

)
sees the worst case in C (3, 3, 9) under the GPuB

model.

where the fourth inequality follows from Lemma 2 and (12).
For arbitrary n ≥ 2 and i, the inequality of (15) is satisfied
with equality, if request R sees the following situation when
it arrives:
(i) In IM α, each of n−1 inputs carries 2 20-g lightpaths and

i lightpaths, the granularities of which are 21, 22, · · · , 2i.
All the lightpaths are allocated in Λ2i+1

w side-by-side in
decreasing order of the granularity, so that each of them
is carried by a frequency slot defined by assumption A3.
IM α carries 2(n − 1) 20-g lightpaths and n − 1 2j-g
lightpaths in total, where j = 1, 2, · · · , i.

(ii) In OM β, one output carries a 20-g lightpath via Λ2i+1

w ,
and each of other n−2 outputs carries a 2i+1-g lightpath
via Λ2i+1

w . OM β carries 1 20-g lightpath and n−2 2i+1-g
lightpaths in total.

All the lightpaths in (i) and (ii) are different and use different
CMs, and 2n− 1 20-g lightpaths are routed via the CMs in

B0 = {1, 2, · · · , 2n− 1} ,

and n− 1 2j-g lightpaths are routed via the CMs in

Bj = {2n + (j − 1)(n− 1), · · · , 2n− 1 + j(n− 1)} ,

where j = 1, · · · , i, and n − 2 2i+1-g lightpaths are routed
via the CMs in

Bi+1 = {2n + i(n− 1), · · · , 2n− 2 + (i + 1)(n− 1)} ,

which is consistent with the GDR strategy. It thus needs m ≥
2n− 1 + (i + 1)(n− 1) CMs to satisfy R. □

Fig. 8 plots a C (3, 3, 9) where 3 types of lightpaths coexist.
According to the GDR strategy, |M0| = 5 and |M1| = 7.
A request R

(
2, 3, 3, 3,Λ4

1

)
sees the following situation:

(i) In IM 2, inputs 1 and 2 each carry a 2-g lightpath via
Λ2

1 including FSUs 1 and 2, and 2 1-g lightpaths via
Λ1

3 including FSU 3 and Λ1
4 including FSU 4. IM 2

carries 2 2-g lightpaths and 4 1-g lightpahts in total.
(ii) In OM 3, output 1 carries a 1-g lightpath using Λ1

1, and
output 2 carries a 4-g lightpath using Λ4

1.
Specifically, 5 1-g lightpaths are routed via CMs 1 through 5,
2 2-g lightpaths via CMs 6 and 7, and 1 4-g lightpath via
CM 8, which is consistent with the GDR strategy. We thus
need one more CM (i.e., 9 CMs in total) to satisfy R.

B. Discussion
The WSNB flex-grid OXC-Clos network investigated in this

paper is superior to an SNB network in system cost. This can
be found by comparing (6), (11) and (1). With the assistance of
the GDR strategy, the number of the CMs needed by a WSNB
network is 2n−1+K(n−1), which is much smaller than that
of the CMs needed by an SNB network, i.e., 2K(n− 1) + 1.

Also, the WSNB network under study almost maintains the
same nonblocking property as an SNB network. Similar to an
SNB network, the WSNB network can set up a new lightpath
without any reconfiguration. The sole difference lies in that
it requires assistance from the GDR strategy, which merely
specifies the sets of the CMs that can be employed by different
types of lightpaths and, consequently, does not introduce any
routing complexity. That is, the WSNB network, leveraging
the GDR strategy, preserves the identical nonblocking property
as an SNB network, while incurring no additional operational
complexity costs.

When K = 1, the flex-grid OXC-Clos network changes
to a fixed-grid switching network. In this case, (6) and (11)
change to m ≥ 2n − 1, indicating that the SNB and WSNB
OXC-Clos networks have the same cost, which is consistent
with the result of [20]. This also verifies the correctness of
our results.

V. EFFECT OF GDR STRATEGY UNDER
OTHER GRANULARITY PATTERNS

This section demonstrates that the GDR strategy can also
reduce the number of required CMs under other granularity
patterns. Specifically, we consider a linear granularity pattern,
where the granularity of lightpaths increases according to
natural numbers. We demonstrate the effectiveness of the GDR
strategy by enumeration, since we do not have the closed-form
WSNB condition of flex-grid OXC-Clos networks with linear
granularity pattern by now.

A. Linear Granularity Pattern and SNB Condition
Assume that there are K types of frequency slots in the

optical network. The linear granularity pattern can be formally
defined as follows.
L1. There are W FSUs, where W is the common multiple

of 1, 2, · · · , K,
L2. The k-th type of lightpath occupies k adjacent FSUs,

where k = 1, 2, · · · , K, and the set of FSUs of the
i-th k-g frequency slot is defined by the set

Λk
k(i−1)+1 = {k(i− 1) + 1, · · · , ki} ,

where i = 1, 2, · · · , W/k.
Using the similar argument in Section II, the SNB condition

under the linear granularity pattern can be easily obtained.
Theorem 4: When K types of lightpaths coexist, C(n, r, m)

is SNB iff

m ≥ 2K(n− 1) + 1.

B. Effectiveness of GDR Strategy
The WSNB condition under the linear granularity pattern is

different from that under the exponential granularity pattern.
In this pattern, the number of FSUs in a large-granularity fre-
quency slot is not the integer multiple of the number of FSUs
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Fig. 9. Example of an OXC-Clos network with linear granularity pattern.

in the small-granularity one. Thus, the FSU occupation seen by
a request under the linear pattern is quite different from that
under the exponential pattern. For example, consider a k-g
request R(α, a, β, b,Λk

k(i−1)+1), where i = 1, 2, · · · , W/k.
The frequency slot Λk

k(i−1)+1 on other n− 1 inputs of IM α
could be occupied by 2(n− 1) lightpaths with the granularity
larger than k. Fig. 9 illustrates a 2-g request R(1, 3, 1, 3,Λ2

3),
and the frequency slot Λ2

3 at IM 1 are used by 4 3-g light-
paths. This situation will never occur under the exponential
granularity pattern, which in turn makes the derivation of
the closed-form WSNB condition under the linear granularity
pattern difficult.

We study the WSNB condition case by case under different
values of n and K. For each pair of n and K, we follow
the GDR strategy and seek the worst case by enumerating all
possible CM occupations. Fig. 10 compares the SNB condition
with the WSNB condition when n ≤ 7 and K ≤ 6. Simulation
results clearly demonstrate that the GDR strategy can reduce
the number of CMs required to perform nonblocking switching
functions under both the GPB model and the GPuB model.
Once again, we find that the number of CMs needed by WSNB
networks under the GPuB model is slightly larger than that
under the GPB model, which is similar to the result presented
in Sections III and IV. This verifies that our enumeration is
correct.

VI. APPLICATION TO MULTIFIBER NETWORKS

In this section, we discuss the application of WSNB
OXC-Clos network to the multi-fiber flex-grid networks.

A. Node Design
Consider a ROADM with a nodal degree, denoted as ∆,

which is defined as the number of ROADMs that it connects
with in the optical network. Though the number of fibers on
different degrees could be different in practice, we consider
the case where all the degrees have the same number of fibers,
denoted by F , to facilitate the presentation. This ROADM has
∆F input directions and ∆F output directions. Additionally,
the ROADM needs some add ports to add local wavelengths
to output directions, and some drop ports to drop remote
wavelengths. Let rad be the add/drop ratio, which is the
ratio of the number of add/drop ports to that of input/output
directions. The number of add/drop ports can then be calcu-
lated as ∆Frad.

Fig. 10. Comparison of the SNB and WSNB conditions under the linear
granularity pattern.

Such a ROADM needs an N × N OXC-Clos network,
where N = ∆F (1 + rad). A typical nodal degree ∆ ranges
from 2 to 8, and 0 < rad ≤ 1. Consider the case where N
and F are large, and suppose the number of inputs/outputs
of IMs/OMs n can divide F evenly. By treating each port of
the OXC-Clos network as one direction of the ROADM, every
F/n IMs (F/n OMs) are grouped together to serve an input
(output) degree, respectively. In total, the inputs of ∆F/n IMs
and the outputs of ∆F/n OMs are used to connect with other
∆ ROADMs in the network. Similarly, ∆Frad/n IMs and
∆Frad/n OMs serve for the purposes of wavelength adding
and dropping, respectively. Fig. 11 plots an example, where
∆ = 4, F = 8, rad = 25%, and n = 4. Suppose that the
network carries K = 3 types of lightpaths and the granularity
pattern is exponential. To fulfill a WSNB switching function,
the OXC-Clos network needs m = 13 CMs, according to
Theorem 2 or 3. As Fig. 11 plots, IMs 1 through 8 and
OMs 1 through 8 connect with other ROADM nodes, and
IMs 9 and 10 and OMs 9 and 10 link to the local wavelength
add/drop systems.
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Fig. 11. Implementation of a WSNB OXC in a ROADM system supporting
multiple fibers per degree.

In an optical node, there is no lightpath established from the
add ports to the drop ports. For example, IM 9 or IM 10 will
never generate a request to visit OM 9 or IM 10 in Fig. 11.

We also consider the physical performance and the cost of
ROADMs when applying the OXC-Clos network. A classical
OXC has an insertion loss of around 15 dB. We need an ingress
EDFA and an egress EDFA at each input and each output to
compensate the loss, when the classical OXC is deployed. For
the OXC-Clos network, we have to install two columns of
EDFAs before and after the CMs, in addition to the ingress
and egress EDFAs. Thus, a lightpath from an input to an
output has to pass through 4 EDFAs in the OXC-Clos network,
as compared with the 2 EDFAs in the classical OXC. Based
on the study in [21], the classical OXC can support as many as
30 cascaded OXCs with less than 1 dB penalty. This implies
the OXC-Clos network can support at least 15 cascaded OXCs,
which can cover about 99% application scenarios in practical
networks [22]. On the other hand, the WSSs will introduce
filtering effect. Previous studies show that the filtering due to
cascaded WSSs does not have much impact on optical signal
performance for the mainstream modulation formats [23], [24].
The above discussions indicate that OXC-Clos network is
acceptable in transmission performance degradation. At last,
under the case where r = n =

√
N , an N × N WSNB

OXC-Clos network requires (4 + 2K)N − 2(K + 1)
√

N
more EDFAs than an N × N classical OXC. This number
is reasonable given that the dimension of OXC is very high.

B. Network Application
From a network-wide perspective, the network-level routing

(i.e., the routing in a whole optical network) and the node-level
routing have no dependence, provided each switching node is
nonblocking. To avoid confusion, we define a lightpath from
a source to a destination in an optical network as network-level

Fig. 12. Illustration of the establishment of a 2-g network-level lightpath.

lightpath, whereas define a lightpath from an input to an output
of an OXC node as node-level lightpath. When a network-level
lightpath request arrives, the optical network assigns to it a
path from the source to the destination and a frequency slot
on the links along this path, using RSA algorithms, such as
the algorithms reported in [3] and [7]. The allocation then
triggers a node-level lightpath request in each node on the
path. Fig. 12 illustrates an example, where each link installs
8 fibers. The network assigns a path and a 2-g frequency slot
on the links along this path for a 2-g network-level lightpath
request from node 10 to node 6. Suppose that the first fiber
of each link is assigned to the network-level lightpath. After
that, each node on the path has to create a 2-g node-level
lightpath to complete the establishment of the network-level
lightpath. For example, node 1 needs to establish a 2-g node-
level lightpath from fiber 1 of its input link connected with
node 10 to fiber 1 of its output link connected with node 6.
In this case, node 1 uses the GDR strategy to find a proper
CM to establish a node-level lightpath. The WSNB property of
each node ensures that the node-level lightpath can always be
set up successfully. That is, if the optical node is nonblocking,
a network-level lightpath from the source to the destination
can be set up as long as the source has free transmitters, the
destination has idle receivers, and an available frequency slot
can be found along a path from the source to the destination.

In contrast, the situation is different if the node is blocking.
In this case, joint network-level and node-level routing would
be a key to lower the blocking probability of lightpath requests.
Otherwise, the blocking probability could be high. The reason
is self-evident. Consider the case in Fig. 12, and imagine that
the node is blocking. In this case, though the RSA algorithm
can identify a path and a 2-g frequency slot along that path,
the network-level lightpath request can still be blocked if any
one of the nodes along that path fails to establish a node-level
lightpath. This is precisely why the RSA algorithm developed
by Ref. [25] also considers the internal state of nodes.

The above discussion clearly shows that the network-level
routing and the node-level routing can be decoupled, and thus
the RSA process can be simplified if the OXC nodes are all
nonblocking, as we have mentioned in Section I. The blocking
performance of the optical network in this case is completely
determined by the RSA algorithm.
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Fig. 13. Blocking probabilities of network-level lightpaths in CERNET under
(a) the GPB model and (b) the GPuB.

Herein, we verify this point via simulation. Define x as the
ratio of the number of CMs in each node to that required
by the WSNB condition. All the nodes are WSNB if x ≥ 1,
and are blocking if x < 1. We demonstrate that the blocking
probability of a network equipped with the OXC nodes with
x ≥ 1 is completely determined by the RSA algorithm. In the
simulation, we use a simple RSA algorithm to set up an
end-to-end lightpath for a network-level request. Specifically,
we find a shortest path using Dijkstra’s algorithm, and search
for a frequency slot commonly available on the links on that
path using the first-fit approach. We then assign the available
fiber with the lowest index to the network-level request.
At last, we apply the GDR strategy to build a node-level
lightpath in each node on the path. A network-level request
is blocked if the RSA algorithm fails to find a path or a
frequency slot along that path, or if any one of the nodes
on the path fails to build up a node-level lightpath after the
RSA is completed. We take the CERNET [26] in Fig. 12
as an example, where the number of fibers on each link is
8. The network needs to support 3 types of lightpaths, i.e.,
1-g, 2-g, and 4-g lightpaths. We simulate 107 network-level
requests, where three types of requests are generated with
equal probability. The simulation results in Fig. 13 clearly

show that the blocking probability of network-level lightpath
requests decreases as x increases, and converges to that of the
RSA algorithm when x approaches 1.

VII. RELATED WORKS

Several designs [27], [28], [29], [30], [31], [32], [33], [34],
[35], [36], [37], [38] have been proposed to improve the
scalability of OXCs at the expense of nonblocking property.
A multi-stage heterogeneous OXC was devised in [27], the
idea of which is to decompose each 1 × N WSS in the
standard OXC to a two-stage WSS structure and replace
each WSS in the second stage by a wavelength-insensitive
optical space switch. Another type of large-scale OXC is the
interconnection of several OXCs in a ring topology [33], [34],
[35], [36]. Both of them are internally blocking. Applying
such an internally-blocking OXC to the optical network will
remarkably complicate the process of routing and spectrum
allocation [13], [25].

The earliest Clos network that is able to support connections
of different granularities at the same time is the multi-rate Clos
network [12], [15], [16], [17], [18] studied in the 1990s. The
multi-rate Clos network is quite different from the flex-grid
OXC-Clos network. First, the former is an electrical switching
network. Second, a nonblocking multi-rate Clos network can
establish a connection from an input to an output, as long
as the input and the output can provide enough bandwidth
to accommodate the request. The bandwidth at the input
and the output could be composed of several different or
discontinuous spectrum segments. In contract, a nonblocking
flex-grid switching network can set up a lightpath, only
when the input and the output have a common continuous
optical spectrum that can accommodate the request. Thus,
the nonblocking conditions of multi-rate Clos networks [12],
[15], [16], [17], [18] cannot be directly applied to flex-grid
OXC-Clos networks.

Two kinds of Clos-like flex-grid optical switches, called
space-wavelength-space (SWS) switch and wavelength-space-
wavelength (WSW) switch, were proposed in [39], [40],
and [41]. In the SWS switch, each IM and each OM are OXCs,
and each CM is a bandwidth-variable wavelength-converting
switch (BV-WS), which is an OXC embedded with bandwidth-
variable tunable waveband converters (BV-TWBCs). In the
WSW switch, each IM and each OM are BV-WSs, while
each CM is an OXC. References [39] and [41] derived the
SNB conditions, which specify the number of CMs needed
for the SWS switch and the WSW switch to achieve SNB
property. However, it is known that all-optical tunable WC
and BV-TWBC are not commercially available. At the current
stage, it would be valuable to investigate the flex-grid Clos
network without WCs.

References [42], [43], and [44] reported the WSNB condi-
tions for the WSW switches based on the idea of the functional
decomposition of central switch modules. This strategy divides
the connections into several classes according to their band-
width requirements, and partitions the central switch modules
into several disjoint sets. Each set of middle-stage switches
only serves one class of connections. While the strategies
in [42], [43], and [44] follow a decomposition approach,
our GDR strategy adopts an inclusive approach in assigning
the CMs, where the CM set assigned to small-granularity
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TABLE I
COMPARISON OF SEVERAL SCALABLE OXCs

lightpaths is a subset of that allocated to large-granularity
lightpaths. Consider an OXC-Clos network that has to carry
K types of lightpaths, with the granularity of each type
increasing exponentially. It is easy to show that the number of
CMs needed by such an OXC-Clos network using the strategy
in [42], [43], and [44] is not smaller than K(2n−1), which is
clearly larger than the number of CMs needed by an OXC-Clos
network using the GDR strategy as long as K > 1.

References [45], [46], and [47] constructed large-scale
OXCs based on Clos network. Specially, [45] studied the
ability of OXC-Clos network with and without WCs to estab-
lish a lightpath from an input to an output if there are idle
transmitters at the input and idle receivers at the output,
and obtained the SNB conditions, which specify the numbers
of CMs and wavelengths needed to fulfill SNB switching
function. These three papers did not explore the nonblocking
conditions in the flex-grid scenario.

In summary, Table I presents the comparison of the WSNB
OXC-Clos network studied in this paper with the scalable OXC
structures proposed in recent years.

VIII. CONCLUSION

This paper studies the nonblocking conditions for the flex-
grid OXC-Clos network without wavelength converters. The
main contribution is to propose the GDR strategy and seek the
WSNB conditions. The idea of the GDR is to restrict the usage
of CMs by the lightpaths of different granularities, thereby
leaving more CMs for large-granularity requests. Under this
strategy, we prove the WSNB conditions and show that the cost
of WSNB OXC-Clos network is remarkably smaller than that
of SNB OXC-Clos network. We study two system models, the
GPB model and GPuB model. We demonstrate that, compared
to the GPB model, the GPuB model leads to more flexibility in
network-bandwidth utilization only at a small cost of switching
fabrics.
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